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SIMPLE algorithmAbstract This paper discusses the problem of mixed convection in two-sided lid-driven enclosures
saturated non-Darcy porous medium. The vertical walls of the cavity were kept thermally insulated.
The bottom wall is cooled while the top wall is uniformly heated. The bottom and the top walls are
moving in opposite direction. The governing equations were solved using finite volume method with
SIMPLE algorithm. A new form for the heat function was derived. The obtained results were pre-
sented in contours maps for the streamlines, the isotherms and the heat function. The profiles of the
horizontal velocity component and the maximum values of vertical velocity components as well as
the mean Nusselt number were presented graphically. It is found that, for the low values of the
Richardson number, the forced convection plays a dominant role in the flow region. The increase
in inverse Darcy number leads to decrease the mean Nusselt number.
 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
It is known that the heat transfer mixed convection is of great
importance in many practical applications. These applications
include nuclear reactors, solar ponds [1], lakes and reservoirs
[2], solar collectors [3], and crystal growth [4]. Moreover, the
flow and heat transfer in a shear- and buoyancy-driven cavity
arises in industrial processes such as food processing and float
glass production [5]. For this reason, many researchers were
interested in studying the combined forced-free convective flow
in lid-driven cavities or enclosures. Iwatsu et al. [6] investigated
mixed convection in a driven cavity with a stable vertical tem-perature gradient. They found that, when Gr
Re2
 1, the buoy-
ancy effect is out-weighed by forced convection and the flow
characteristics are similar to those of a convectional lid-
driven cavity of a non-stratified fluid. Chamkha [7] formulated
the problem of unsteady, laminar, combined forced-free con-
vection flow in a square cavity in the presence of internal heat
generation or absorption and a magnetic. He found that the
flow behavior and the heat transfer characteristics inside the
cavity are strongly affected by the presence of the magnetic
field. Significant reductions in the average Nusselt number were
produced for both aiding and opposing flow situations as the
strength of the applied magnetic field was increased. A numer-
ical study of laminar magnetohydrodynamic mixed convection
in an inclined lid-driven square cavity with opposing tempera-
ture gradients is presented by Ahmed et al. [8]. They observed
that average Nusselt numbers increased with increasing of the
Nomenclature
Cp specific heat (JKg
1 K1)
Da Darcy number K
H2
 
g gravitational acceleration (ms2)
H height of the cavity wall (m)
h local heat transfer coefficient (Wm2 K1)
Gr Grashof number, ðgbðTh  TcÞH3=t2)
K permeability (m2)
k thermal conductivity (Wm1 K1)
K thermal conductivity ratio kykx
 
RaE external Rayleigh number
gbðThTcÞH3
ma
Raf internal Rayleigh number
gbq000H5
makx
Nu Nusselt number (hH=k)
Pr Prandtl number ðtaÞ
q0 heat generation per area (W/m2)
Re Reynolds number ðU0H=t)
Ri Richardson number Gr
Re2
 
T dimensional temperature (C)
u; v dimensional x and y components of velocity
(ms1)
U;V dimensionless velocities, U ¼ uU0 ; V ¼ uU0
U0 lid velocity (ms
1)
X; Y dimensionless coordinates, X ¼ xH ; Y ¼ yH
x; y dimensional coordinates (m)
Greek symbols
a fluid thermal diffusivity (m2 s1)
b thermal expansion coefficient (K1)
l dynamic viscosity (Nsm2)
t kinematic viscosity (m2 s1)
q density (kg m3)
h dimensionless temperature TTcThTc
 
e porosity
Subscripts
c cold
h hot
m mean
300 S.E. Ahmedamplitude ratio for all values of the phase deviation. The non-
uniform heating on both walls provides higher heat transfer
rate than non-uniform heating of one wall. Rahman et al. [9]
investigated conjugate effect of joule heating and magnetic
force, acting normal to the left vertical wall of an obstructed
lid-driven cavity saturated with an electrically conducting fluid.
Their results showed that the obstacle has significant effects on
the flow field at the pure mixed convection region and on the
thermal field at the pure forced convection region.
Numerical and experimental studies on mixed convection in
porousmedia have received significant attention of investigators
due to various engineering applications [10–12]. Chen [10] inves-
tigated non-Darcy mixed convection from a horizontal surface
with variable surface heat flux in a porous medium. He used
the Darcy–Brinkman–Forchheimer equation to model the
motion of fluid through the porous medium, and the porosity
variation was approximated by an exponential function. Kha-
nafer andChamkha [11] studied laminar, mixed convection flow
in an enclosure filledwith aDarcian fluid saturated uniformpor-
ous medium in the presence of internal heat generation. They
found that the heat transfer mechanisms and the flow character-
istics inside the cavity are strongly dependent on theRichardson
number. Also, significant suppression of the convective currents
was obtained by the presence of a porous medium. The laminar
transport processes in a lid-driven square cavity filled with a
water-saturated porous medium were presented in a numerical
investigation by Al-Amiri [12]. His results imply that the inertial
effects retard momentum and energy transport. Oztop [13] ana-
lyzed combined convection heat transfer and fluid flow in a par-
tially heated porous lid-driven enclosure. His results indicated
that heat transfer is decreased with increasing Richardson num-
ber and increased with increasing Darcy number. A penalty
finite elementmethod based simulationwas performed byBasak
et al. [14] to analyze the influence of various walls thermal
boundary conditions on mixed convection lid driven flows in asquare cavity filled with porous medium. Wavy distribution in
heat transfer rates was observed with DaP 104 for non-
uniformly heated walls primarily in natural convection domi-
nant regime. The mixed convection flow in a lid-driven square
cavity filledwith a porousmediumunder the effect of amagnetic
field was studied numerically by Pekmen and Tezer-Sezgin [15]
using the dual reciprocity boundary element method (DRBEM)
with Houbolt time integration scheme. They observed that the
flow is slowed down (flattening tendency in MHD flow) and
the heat transfer is suppressed. Muthtamilselvan et al. [16] dis-
cussed the effect of magnetic field on mixed convection in a
two-sided lid-driven cavity filled with a fluid saturated porous
medium. They found thatHartmann number, Richardson num-
ber, Darcy number and direction of the moving walls have
strong influence on the fluid flow and heat transfer in the enclo-
sure. The problem of mixed convection flow in a two-sided lid-
driven cavity filled with heat generating porous medium is
numerically investigated by Muthtamilselvan et al. [17]. They
observed that the variation of the average Nusselt number is
non-linear for increasing values of the Darcy number with uni-
formor non-uniformheating condition.References [18–22] con-
tain very useful information related to this topic.
The aim of the current study was to analyze the heat transfer
and fluid flow due to mixed convection in two sided lid-driven
cavity filled with a fluid saturated non-Darcy porous medium in
the presence of internal heat generation. A square cavity with
top wall moving in the positive direction of X-axis and bottom
wall moving in reverse is considered to simulate this phe-
nomenon. It is found that the heatline is the best numerical tool
to visualize heat transport in two dimensional convective trans-
port process. So, in the absence of the internal heat generation,
the heat function is presented with suitable boundary condi-
tions. The governing equations are solved using the finite vol-
ume method with SIMPLE algorithm. This problem is
studied for a wide range of the controlling parameters. Finally,
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convection flows in lid-driven enclosures which have many
practical applications in engineering and science. Some of these
include cooling of electronic devices, oil extraction, solar collec-
tors, nuclear reactors, and crystal growth (see [17]).
2. Mathematical formulation
The system under investigation consists of a horizontal porous
cavity as illustrated in Fig. 1. It is assumed that the bottom and
top surfaces of the cavity are held at a constant temperature Tc
and Th, respectively, such that Th > Tc. The vertical walls are
adiabatic. The bottom and top walls are moving in opposite
directions with constant speed U0. The fluid and the porous
medium are assumed to be in local thermodynamic equilib-
rium. The fluid flow is assumed to be laminar, incompressible
and two-dimensional and the porous medium to be a homoge-
nous and isotropic. The usual Boussinesq approximation is
invoked to model the density variation in the buoyancy terms.
Under foregoing assumptions and description of the prob-
lem, the nondimensional versions of the governing equations
are as follows:
Mass balance:
@U
@X
þ @V
@V
¼ 0 ð1Þ
The momentum balance equation in the X-direction:
1
e2
@U2
@X
þ 1
e2
@UV
@Y
¼  @P
@X
þ 1
Re  e
@2U
@X2
þ @
2U
@Y2
 
 SU ð2Þ
where
SU ¼ 1
ReDa
Uþ 1:75ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
150e3Da
p U
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U2 þ V2
p
;
The momentum balance equation in the Y-direction:
1
e2
@VU
@X
þ 1
e2
@V2
@Y
¼  @P
@Y
þ 1
Re  e
@2V
@X2
þ @
2V
@Y2
 
 SV þ Rih
ð3ÞResults of the problem 
Figure 1 Physical model and coordinate system.where
SV ¼ 1
Re Da
Vþ 1:75ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
150e3 Da
p V
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U2 þ V2
p
;
The energy balance equation:
@Uh
@X
þ @Vh
@Y
¼ 1
Re  Pr
@2h
@X2
þ K @
2h
@Y2
 
þ Raf
RaERe  Pr ð4Þ
The above equations are obtained by implying the follow-
ing nondimensional variables:
X;Y ¼ ðx; yÞ
H
; ðU;VÞ ¼ ðu; vÞ
H
; h ¼ T Tc
Th  Tc ;
P ¼ p
qU20
; a ¼ kx
qCp
ð5Þ
and the nondimensional parameters:
K ¼ ky
kx
; Da ¼ K
H2
; Pr ¼ m
a
; Re ¼ U0H
m
;
Gr ¼ gbH
3ðTh  TcÞ
m2
; Raf ¼ gbq
000H5
makx
;
RaE ¼ gbðTh  TcÞH
3
ma
ð6Þ
The nondimensional boundary conditions for Eqs. (1)–(4)
are as follows:
at X ¼ 0; 1 and 0 6 Y 6 1; U ¼ V ¼ 0; @h
@X
¼ 0: ð7aÞ
at Y ¼ 0 and 0 6 X 6 1; U ¼ 1; V ¼ 0; h ¼ 0: ð7bÞ
at Y ¼ 1 and 0 6 X 6 1; U ¼ 1; V ¼ 0; h ¼ 1: ð7cÞ
The local and mean Nusselt number is defined, respectively
as follows:
Nu ¼  @h
@Y
; Num ¼
Z 1
0
Nu dX: ð8Þ3. Heat function
In the absence of internal heat generation (Raf ¼ 0), the steady
energy balance equation (4) can be re-written as follows:
@
@X
Uh 1
Re  Pr
@h
@X
 
þ @
@Y
Vh K

Re  Pr
@h
@Y
 
¼ 0 ð9Þ
The function which satisfies Eq. (9) is called heat function,
such that:
@P
@Y
¼ Uh 1
Re  Pr
@h
@X
ð10aÞ
@P
@X
¼ Vhþ K

Re  Pr
@h
@Y
ð10bÞ
Resulting in the following single equation:
@2P
@X2
þ @
2P
@Y2
¼ @Uh
@Y
 @Vh
@X
þ 1
Re  Pr ðK
  1Þ @
2h
@X@Y
ð11Þ
The boundary conditions for the above equation were con-
sidered as in Basak et al. [23].
Khanafer and Chamkha [11]                                
Present study 
1
0.9
0.8
302 S.E. Ahmed4. Numerical solution procedure
The numerical solution for the governing equations (1)-(4) was
based on the finite volume method. This method starts by re-
writing these equations in the following general form:
@
@X
ðUd£Þ þ @
@Y
ðVd£Þ ¼ @
@X
C£
@£
@X
 
þ @
@Y
C£
@£
@Y
 
þ S£
ð12Þ
where £ refers to the dependent variables.
The finite volume method was used to discretize the above
equation to give the following:
a£P£P ¼
X
i
a£i £i þ S£n ð13Þ
The coefficient a£P at node P for£ is expressed in terms of
the coefficient at neighborhoods a£i (i= E, W, N, S) and S
£
P
as
a£P ¼
X
i
a£i  S£P ð14Þ
Detailed derivation of the these equations, has been dis-
cussed elsewhere [e.g. 24,25]. An under-relaxation factor a1
was assigned to ensure convergence:
a£P
a1
£P ¼
X
i
a£i £i þ S£n þ
1 a1
a1
a£P£
0
P ð15Þ
where £0P is the value of £P from the previous step.-1.0 -0.5 0.0 0.5 1.0
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Figure 2 Grid independence study at Ri ¼ 0:01; Raf ¼ 1;
K ¼ 1; Da ¼ 0:01; Pr ¼ 0:71; Ga ¼ 100.
Table 1 Comparisons of the mean Nusselt number at the top
wall, for different values of Re at Pr ¼ 0:71;Gr ¼ 102; Raf ¼ 0,
Da!1.
Re Iwatsu et al.
[6]
Khanafer and Chamkha
[11]
Present
study
100 1.94 2.01 1.93
400 3.84 3.91 3.91
1000 6.33 6.33 6.315. Pressure–velocity linked equation
The SIMPLE algorithm can be obtained as follows:
The U and V-momentum equations for the control volume
are as follows:
aeUe ¼
X
anpUnp þ SUn þ Ae  ðPp  PEÞ ð16ÞIwatsu et al. [6] 
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Figure 3 Comparison of the present study at Re ¼ 1000,
Pr ¼ 0:71; Gr ¼ 102, Da!1.
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Figure 4 Streamlines (left) and temperature patterns (right) at Raf ¼ 1, Ri ¼ 0:001; Pr ¼ 0:71; K ¼ 1; (a) ¼ 1, (b) Da ¼ 101,
(c) Da ¼ 102, (d) Da ¼ 103.
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X
anpVnp þ SVn þ An  ðPp  PNÞ ð17Þ
Pressure distribution P was estimated from the velocities
U and V obtained by solving equations (16) and (17):aeU

e ¼
X
anpU

np þ SUn þ Ae  ðPp  PEÞ ð18Þ
anV

n ¼
X
anpV

np þ SVn þ An  ðPp  PNÞ ð19Þ
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Figure 5 Streamlines (left) and temperature patterns (right) at Raf ¼ 1; Da ¼ 102; Pr ¼ 0:71; K ¼ 1; (a) Ri ¼ 0:01, (b) Ri ¼ 10,
(c) Ri ¼ 100.
304 S.E. AhmedVelocities U and V given by equations (18) and (19) would not
satisfy conservation of mass unless a correct pressure field is
employed. Velocities and pressure fields are corrected by add-
ing U0; V0 and P0:
U0 ¼ UU ð20Þ
V0 ¼ V V ð21Þ
P0 ¼ P P ð22Þ
Substituting equations (20)-(22) into (18) and (19) gives
aeU
0
e ¼
X
anpU
0
np þ Ae  ðP0p  P0EÞ ð23Þ
anV
0
n ¼
X
anpV
0
np þ An  ðP0p  P0NÞ ð24ÞThe pressure P and velocities U and V satisfying both the
mass and momentum constraints are
U ¼ U0 þU ð25Þ
V ¼ V0 þ V ð26Þ
P ¼ P0 þ P ð27Þ
It is worth mentioning that, collocated, regular and orthog-
onal grids were used in this implementation. Also, Rhie–Chow
interpolation was used.
The algebraic equations resulting from this treatment are
solved using alternating direct implicit (ADI) procedure.
The grid sizes are tested from 31 31 to 101 101
at Ri ¼ 0:01; Raf ¼ 1; K ¼ 1; Da ¼ 0:01; Pr ¼ 0:71; Ga ¼
100; see Fig. 2. It is found that, the 81 81 grid is sufficiently
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Figure 6 Streamlines (left) and temperature patterns (right) at Raf ¼ 1, Ri ¼ 0:001; Da ¼ 102; K ¼ 1 (a) Liquid metal (Pr ¼ 0:054Þ,
(b) Air ðPr ¼ 0:71Þ, (c) saltwater ðPr ¼ 7:2Þ:
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dent variables were calculated iteratively until the following cri-
teria of convergence were fulfilled:
X
i;j
vnewi;j  voldi;j
			 			 6 106; ð28Þ
where v is the general dependent variable. Table 1 compares
the accuracy of the average Nusselt number in special cases
of the present study for different values of Re with some
numerical solutions reported by different authors. Also, other
test can be found in Fig. 3. It is seen from these tests that the
agreement between the present and the previous results is very
good. Therefore, we are confident that the results presented in
this paper are very accurate.6. Results and discussion
In this section, the obtained numerical results of the problem
of mixed convection in two-sided lid-driven enclosures satu-
rated anisotropic non-Darcy porous medium were discussed.
This phenomenon is governed by the inverse Darcy number
(0 6 Da1 6 103Þ, the Richardson number ð103 6 Ri 6 102Þ,
the thermal conductivity ratio ð0:1 6 K 6 1), the Prandtl
number ð0:054 6 Pr 6 7:2Þ and the internal Rayleigh number
(0 6 Raf 6 1). In all the obtained results, the value of Grashof
Gr number was fixed at 100.
Fig. 4 displays the streamlines and isotherms contours for
different values of Darcy number at Raf ¼ 1; Ri ¼ 0:001;
Pr ¼ 0:71; K ¼ 1. It is noticed that, for the low values of the
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Figure 7 Streamlines (left), temperature patterns (middle) and heat function (right) at Ri ¼ 0:001; Da ¼ 0:001; Pr ¼ 0:71; Raf ¼ 0; (a)
K ¼ 0:1, (b) K ¼ 0:5, (c) K ¼ 0:8, (d) K ¼ 1.
306 S.E. Ahmedinverse Darcy number, the forced convection plays a dominant
role and the circulation flow is mostly generated only by the
moving lids. Also, some perturbations are seen in streamlines
in the upper left and lower right corners, which is a characteristicof a lid-driven cavity flow problem. Increasing the inverseDarcy
number leads to decay of the fluidmotion and the fluid flow con-
centrates near the upper right corner and lower left corner. The
internal streamlines separate to two clockwise circular cells at
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Figure 8 Profiles of the horizontal velocity component at the
enclosure mid-section for different values of Darcy number.
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Figure 9 Profiles of the horizontal velocity component at the
enclosure mid-section for different values of Da.
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Figure 10 Profiles of Vmax for different values of Ri and Da.
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Figure 11 Profiles of the mean Nusselt number at the heated
wall for different values of Ri and Da.
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Figure 12 Profiles of the mean Nusselt number at the heated
wall for different values of Pr and K.
Mixed convection in thermally anisotropic non-Darcy porous medium 307the high values of Da1. This behavior can be explained as fol-
lows: Higher values of Da1 mean that the porosity of the por-
ous medium is few which impede the movement of the fluid
sequentially. At the low values of Da1 the isotherms lines dis-
tribute inside the whole cavity and there is a crowd of these lines
beside the moving walls. As Da1 increases the isotherms are
compressed from the upper right corner and lower left corner
until take diagonal area atDa1 ¼ 1000. Also, area of the crowd
decreases by increasing Da1 until becomes a small part beside
the upper left corner and lower right corner.
The effect of the Richardson number on the streamlines
and isotherms contours is clearly shown in Fig. 5. The other
parameters are fixed at Raf ¼ 1; Da ¼ 102; Pr ¼ 0:71;
K ¼ 1. A large clockwise circular roll is seen inside the enclo-
sure. Again, the internal cells divide to two clockwise rolls. All
these lines extend diagonally at the low values of Ri. Add to
that the isotherms take smooth paths inside the enclosure.
The increase in this number results in that the streamlines turn
from the diagonally stretching to vertically stretching. Also,
308 S.E. Ahmedthe isotherms have significant changes by increasing Ri. These
lines turn from curves-like paths to horizontal parallel lines by
increase Ri. All these behaviors can be attributed to a change
in the states of convection from forced convection (Ri ¼ 0:01)
to natural convection (Ri ¼ 100). It should be referred to that
the shear force dominates than the buoyancy force in the
forced convection mode.
In fact the fluid motion and temperature distribution
depend, strongly, on the type of the fluid used in simulation
of such kind of these phenomena. To find out the effect of
the liquid type on the fluid movement and temperature distri-
bution, three types of fluids were used in this problem, liquid
metal (Pr ¼ 0:054Þ, air ðPr ¼ 0:71Þ and saltwater ðPr ¼ 7:2Þ.
It is observed from Fig. 6 that the streamlines do not have
any noticeable change by the increase of the Prandtl number.
The clear effect of the Prandtl number appears on the iso-
therms lines. The increase in Pr leads to the formation of ther-
mal boundary-layer near the upper and lower walls. Also,
when the saltwater was used, there exists a non-thermal area
inside the core of the enclosure. The physical explanation of
this behavior is due to the kinematic viscosity that leads to
form the thermal boundary layers inside the enclosure and
takes its higher value in case of saltwater. It is worth noting
that the other governing parameters are fixed, here, at
Raf ¼ 1, Ri ¼ 0:001; Da ¼ 102; K ¼ 1.
Fig. 7 shows the contours of streamlines, isotherms and
heat function for different values of thermal conductivity ratio
K at Ri ¼ 0:001; Da ¼ 0:001; Pr ¼ 0:71; Raf ¼ 0. It is clear
that K dose not has any noticeable impact on the streamlines.
This is likely to be the reason for this is the dominance of the
forced convection (Ri ¼ 0:001) on the fluid movement, while
the observed effect of this parameter to be on the isotherms
and heat function contours. The isotherms distribute inside
the whole enclosure in wave-like paths at the low values of
K. The increase in K leads to the removal of the isotherms
from the upper right corner and the bottom left corner toward
the middle of the enclosure. Regarding the heat function, the
maximum value for the absolute value of heat function
increases as K increases.
The effects of the governing parameters namely, the inverse
Darcy number Da1, the Richardson number Ri, the thermal
conductivity ratio K and the Prandtl number Pr on the pro-
files of the horizontal velocity component at the enclosure
mid-section, the maximum value of the vertical velocity com-
ponent and the mean Nusselt number at the heated wall are
depicted in Figs. 8–12. It is observed that the horizontal veloc-
ity component decreases as Da1 increases. This behavior is
evident in the lower half of the cavity, while, in the upper half,
we can see the reflection of this behavior. Also, the maximum
value of the vertical velocity component decreases by increas-
ing either Ri or Da1. On the other hand, we have previously
noted that the increase in Da1 and Ri leads to decrease the
thermal boundary layer at the horizontal walls. In fact, this
explains the reduction of the mean Nusselt number which
occurs by increasing both of Da1 and Ri. Finally, it is found
that, among all the types of used fluids, liquid metal
(Pr ¼ 0:054Þ has the largest values of the mean Nusselt num-
ber while, saltwater ðPr ¼ 7:2Þ has the lowest. For any type
of used fluids, the mean Nusselt number decreases as K
increases. The physical explanation of this behavior is due to
the thermal conductivity in x-direction that decreases as Kincreases and it leads to decrease the thermal boundary layer
which results in a reduction in the average Nusselt number.
7. Conclusions
Mixed convection flow in two-sided lid-driven enclosures that
are saturated thermally anisotropic non-Darcy porous medium
is studied numerically in this paper. The governing equations
were converted to dimensionless form using a suitable dimen-
sionless transformation. A new form for the heat function was
derived. The finite volume method was used to solve the gov-
erning equation. Comparisons with previously published
results were formulated and found to be in a very good agree-
ment. It is found that, for the low values of the Richardson
number, the forced convection plays a dominant role on fluid
motion. The increase in inverse Darcy number leads to
decrease the thermal boundary layer which in turn decreases
the mean Nusselt number. The increase in Richardson number
leads to switch in the isotherms to parallel lines resulting in a
decrease in the mean Nusselt number. The mean Nusselt num-
ber decreases with increasing either the thermal conductivity
ratio or the Prandtl number.References
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